We place perturbative unitarity constraints on both the dimensionful and dimensionless parameters in the Next-to-Minimal Supersymmetric Standard Model (NMSSM) Higgs Sector. These constraints, plus the requirement that the singlino and/or Higgsino constitutes at least part of the observed dark matter relic abundance, generate upper bounds on the Higgs, neutralino and chargino mass spectrum. Requiring higherorder corrections to be no more than 41% of the tree-level value, we obtain an upper bound of 20 TeV for the heavy Higgses and 12 TeV for the charginos and neutralinos outside defined fine-tuned regions. If the corrections are no more than 20% of the tree-level value, the bounds are 7 TeV for the heavy Higgses and 5 TeV for the charginos and neutralinos.
I. INTRODUCTION
The discovery of the Higgs boson [1, 2] completes the experimentally successful Standard Model (SM). The SM however cannot account for the observed dark matter (DM) in the universe. Numerous astrophysical observations require DM to be electrically neutral, colorless, non-relativistic at redshifts of z ∼ 3000 and generate the following relic abundance [3, 4] , Ω χ h 2 = 0.1199 ± 0.0027.
DM that was once in thermal contact with the SM is very well motivated [4] . For thermal DM, the observed relic abundance is correlated with the annihilation cross section, 
Griest and Kamionkowski [5] applied unitarity arguments to the annihilation cross section in order to place an upper bound of 120 TeV on the dark matter mass [6] .
In this work, we show how perturbative unitarity arguments can be used to place bounds, not only on the DM mass, but also on the new particles ("mediators") that are associated with the dark matter annihilation and often have SM quantum numbers. Because of the strength of the thermal dark matter paradigm, we argue the constraints on the mediators offer the strongest estimate now available for when new physics that couples significantly to the SM will appear [7] . In addition, we want to use our methodology to place stronger bounds on the dark matter mass. In this work, we use the Next-to-Minimum Supersymmetric Standard Model (NMSSM) [8] [9] [10] as a template to implement our philosophy.
Throughout the development of the SM, perturbative unitarity arguments have reliably answered the question of when is new physics going to appear. For example 3 in Fermi effective theory, perturbative unitarity is violated around 350 GeV. New physics in the form of the W and Z bosons (at 80 and 90 GeV, respectively) rescued the theory from becoming strongly coupled. Moreover without the SM Higgs boson, the SM violates perturbative unitarity around 1.2 TeV [11, 12] . The Higgs boson prevented W W scattering from becoming strongly coupled. Applying perturbative unitarity arguments to models of new physics is often not as straightforward as these SM cases. In most models of new physics beyond the Standard Model, there are many new particles, masses and couplings. In order to constrain models of new physics, we employ several low-energy observables as constraints. In this work, we show how the relic abundance constraint as well as the requirement of having the measured Higgs mass can be used in concert with perturbative unitarity arguments to set bounds.
We note there is a deeper connection between perturbative unitarity and a consistent theory of thermal dark matter. When the dark matter mass is large and near the perturbativity bounds, the couplings in the annihilation cross section are by definition large. Thus, while annihilating to set the relic abundance while falling out of thermal equilibrium, the dark matter is often confining to form bound states. These bound states transform trivially under the dark matter stabilization symmetry and are rarely stable over the lifetime of the universe. Thus, dark matter theories that are near or violate the perturbative unitarity bounds are often inconsistent with observation of the dark matter relic abundance.
The NMSSM provides a compelling framework to implement our philosophy. It naturally explains the observed SM Higgs mass [1, 2] , provides a viable dark matter candidate, features gauge coupling unification and solves the hierarchy problem [13, 14] . We focus on the NMSSM Higgs sector. To date, none of the new particles predicted by the NMSSM or any new physics model have been found. Within the particle physics community, this has cause a reconsideration of naturalness, the dominant explanation of when new physics will be bound. In this work, we aim to provide an alternative to naturalness as a mean to estimate new particle masses.
In the following, we first provides an overview of the NMSSM Higgs sector. Section 3 details our perturbative unitarity constraints on NMSSM Higgs sector. Section 4 discusses our relic abundance constraints. Our results are given in Section 5.
We conclude in Section 6.
II. THE NMSSM
This section provides a brief overview of the NMSSM, using the notations introduced in [14] . The NMSSM superpotential is given by:
Here is the SU (2) invariant antisymmetric tensor with the non-zero components given by 12 = 1, 21 = −1. We will restrict our discussion to the scalar Higgs, charged higgsino, and neutralino sectors. The winos, binos and squarks will be treated as decoupled. We will work with tree-level expressions. Our analysis will not be significantly altered by including loop corrections.
A. Scalar Higgs Sector
The scalar part of the Higgs potential has three contributions: the F -term (V F ),
D-term (V D
, and soft SUSY breaking terms (V sof t ). We assume no CP-violation in the Higgs sector so all the couplings are real.
which leads to a lower bound on λ λ > ∼ 0.8.
Rotation by β also rotates the charged Higgses, ((H 
The mass of the charged Higgs mass eigenstate given by
The charged particles, w − and H − are the conjugates of the above.
C. Neutralino Sector
The neutral SU (2) × U (1) gauginosB andW 3 generally mix with the higgsinosH u ,H d and the singlinoS. The 5 × 5 neutralino mass matrix in the basis
Since we decouple the winos and binos, we need only to consider the 3 × 3 Higgsino/singlino block of this mixing matrix
Besides the neutralinos, the NMSSM also includes two charginosC ± 12 whose squared masses are
Decoupling the winos only leaves one chargino, the charged HiggsinoH ± , whose mass is
D. The heavy limit
Cases of particular interest in our study are configurations where
In these cases, the scalar and fermion mass spectra simplify considerably. In particular, the mixing between the Higgs/Higgsino and singlet/singlino sectors becomes negligible. The masses of the non-decoupled scalar particles then become
while the fermion masses are
Since λ ∼ O(1), the NMSSM Higgs sector in the heavy limit has the three following characteristic scales
The energy scale µ has a crucial role since it sets the energy scale of the fermionic sector and is involved in all the scalar and pseudoscalar Higgs masses. Notably, in order for the scalar sector to be much heavier than the fermion sector, we would need
We will show later in this paper that these regions of parameter space are tightly constrained by unitarity.
III. VACUUM CONSTRAINTS
The Higgs potential shown in (5) generally has a large number of minima. Requiring the EWSB vacuum shown in (8) to be stable -deeper than all the other vacuaprovides preliminary constraints on the 5 parameters in (16) .
At the EWSB vacuum, the Higgs potential takes the following value
where,
Although the Higgs potential (5) cannot be analytically minimized, five different classes of vacua other than the EWSB vacuum can be identified, as shown in [15] .
These are
In our study, we locate the minima in these directions and require the EWSB vacuum to be deeper than any of these vacua. A more complete search for the global minima of the NMSSM Higgs potential using algebraic approaches is done in [16] . They found that for both CP violating and CP conserving Higgs potential, a large part of the parameter space is eliminated when the EWSB minimum is required to be a global minimum.
IV. CONSTRAINTS FROM PERTURBATIVE UNITAR-ITY
One fundamental constraint on the SM and on models of new physics is the fact that all the scattering amplitudes in the theory must be unitary. Applying this unitarity criterium on the NMSSM Higgs sector would allow to constrain not only the dimensionless couplings λ and κ but also ratios of energy scales.
A. Overview of unitarity
When a scattering takes place, the evolution of the different states from t = −∞ (incoming) to t = +∞ (outgoing) is described by the scattering S-matrix. This matrix is usuallty decomposed in function of a T -matrix such as
In this study, we focus on two-to-two scattering processes, where the scattering amplitudes can be expressed in function of the center of mass energy √ s and the scattering angle θ. For these processes and for a given initial state i| and final state |j , the matrix element f |T |i is related to the scattering amplitude M f i through
Requiring that S should be unitary leads to a non-trivial constraint on the T -matrix.
For a given initial state i| and final state |f , the matrix element f |T |i can be computed using Feynman rules
(37) then becomes
Going further requires simultaneously diagonalizing both sides of (39). This can be performed by decomposing the T ij matrix into its angular momentum eigenstates.
For two-to-two scattering, these eigenstates are given by
where the λ(x, y, z) = x 2 + y 2 + z 2 − 2xy − 2yz − 2xz are phase space factors. For ii whic |x| ≤ 1/2. For the Born approximation, the the fields can be chosen such that all 2 → 2 am are (nearly) real, if CP (nearly) holds. App ing x by the corresponding Born amplitude y desired unitarity bound. The circle restricts which is the unitarity bound generally used i erature. A Born value of x = 1/2, y = 0 needs a correction of √ 2−1 ≈ 41% to become unit large corrections indicate a breakdown of pert theory. In addition to the perturbative unitari of |x| ≤ 1/2 we therefore also consider |x| ≤ condition for which the Born amplitude rema ciently small to trust perturbation theory. 
A toy model
The 'true' eigenvalues (for any given energy √ s) must lie on the circle (called Argand diagram) given by (2):
ii which implies |x| ≤ 1/2. For the Born approximation, the phases of the fields can be chosen such that all 2 → 2 amplitudes are (nearly) real, if CP (nearly) holds. Approximating x by the corresponding Born amplitude yields the desired unitarity bound. The circle restricts |x| ≤ 1/2, which is the unitarity bound generally used in the literature. A Born value of x = 1/2, y = 0 needs at least 1 a correction of √ 2−1 ≈ 41% to become unitary. Such large corrections indicate a breakdown of perturbation theory. In addition to the perturbative unitarity bound of |x| ≤ 1/2 we therefore also consider |x| ≤ 1/6 as a condition for which the Born amplitude remains sufficiently small to trust perturbation theory. 
1 'At least' means that this would be the minimal case where the correction directly hits the nearest circle point.
factor. This condition (4) ha ternal particles appearing in not the case, the amplitude the irreducible part of T GeV 100 GeV (3) GeV 100 GeV (3)
The Argand circle. In unitary theories, the eigenvalues of the exact partial-wave components of the scattering matrix, T J ii , must lie on this circle.
This identity is known as the optical theorem. Decomposing the right hand side of (42) into real and imaginary part leads to the following identity
Geometrically, (43) means that the eigenvalues of T J lie on a circle of center 0, 1 2 and radius R = -the Argand circle-in the complex plane. This identity is illustrated on Fig. 1 . It is important to note that (43) applies to the exact scattering matrix elements. In perturbation theory, the T J matrices can be computed only up to a finite loop order. These approximated T J generally do not lie on the Argand circle.
B. Perturbativity and Unitarity
In a unitary theory, the eigenvalues of all the scattering matrices must lie on the Argand circle. Since this requirement only applies to the fully resummed scattering amplitudes, it is in general impossible to directly apply it. However, Shuessler
The sum is taken over intermediate states. R to only relevant and two-particle scalar stat sum slightly underestimates the right-hand leads to conservative bounds. The 'true', physical matrix T J f i is normal therefore be diagonalized. The same holds for amplitude, which we use instead. The diagona trixT ii whic |x| ≤ 1/2. For the Born approximation, the the fields can be chosen such that all 2 → 2 am are (nearly) real, if CP (nearly) holds. App ing x by the corresponding Born amplitude y desired unitarity bound. The circle restricts which is the unitarity bound generally used i erature. A Born value of x = 1/2, y = 0 needs a correction of √ 2−1 ≈ 41% to become unit large corrections indicate a breakdown of pert theory. In addition to the perturbative unitari of |x| ≤ 1/2 we therefore also consider |x| ≤ condition for which the Born amplitude rema ciently small to trust perturbation theory. ing onto partial waves, the amplitude for J = structure roughly like:
A toy model
'At least' means that this would be the min
factor. This condition (4) ha ternal particles appearing in not the case, the amplitude the irreducible part of T 
Tree Level nth-loop and Zeppenfeld [17] have given a useful prescription to set unitarity bounds based on tree-level scattering amplitudes with the further assumption that the theory is perturbative.
Tree-level scattering amplitudes are not subject to the unitarity requirement of In the optimistic case shown in Fig. 2b , the size of the loop corrections can be straightforwardly computed using simple geometric arguments. The relative amount of loop corrections with respect to the tree-level value is given by
.
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Optimistic case where the loop corrections take the shortest route to the Argand circle. The orange point is the tree-level value of the T J eigenvalue considered.
The ratio a represents the minimal relative amount of loop corrections needed to unitarize a given theory. Since it assumes that the loop corrections take the most direct route to the circle, this estimate is conservative.
If a is close to one and the theory is not perturbative. Computing scattering amplitudes at tree-level thus allows to estimate when perturbativity is broken in a unitary theory.
Setting a maximal a, beyond which perturbativity is broken, introduces some amount of arbitrariness in our approach. This arbitrariness is however limited. The following two requirements a ≤ 41% and a ≤ 20%
correspond respectively to requiring
17 These requirements hold for all center of mass energies √ s. We show results for these two cases.
Although our study focuses on the NMSSM, the approach outlined here is universal and only assumes that the theory considered is unitary and perturbative. Once a maximal ratio a max is chosen, upper bounds on the tree-level scattering amplitudes can be derived from (44) for any type of model.
C. Pole handling
Sec. IV B outlined a conservative and universal approach to derive perturbativity requirements in unitary theories. These requirements can be enforced by setting upper bounds on the eigenvalues of the tree-level scattering matrices, as shown in (46).
Since these bounds hold for all √ s, the approach that would lead to the strongest constraints would be to scan over √ s and apply (46) to the maximal T J,tree ii . For a given initial state i| and final state |j , a general tree-level scattering matrix element looks like
where the A are constants and the m n are the masses of the different propagators.
Far from s, t or u-channel poles, the amplitudes are well-behaved and (46) can be straightforwardly applied. In the regions near the poles, however, imaginary contributions to the scattering amplitudes need to be taken into account. These imaginary contributions in general prevent both sides of (39) from being simultaneously diagonalizible and the approach shown in Sec. IV B is no longer valid. When scanning over √ s, regions near the poles then need to be treated with care. Our approach for handling the poles is outlined in the appendix. 
D. Unitarity in the NMSSM Higgs sector
We now apply the procedure outlined in the previous sections to the NMSSM Higgs sector, focusing on two-to-two scalar scattering. The states we consider in this study are neutral pairs of CP-even scalars. We consider only the J = 0 partialwave components of the scattering matrices, which are expected to give the strongest unitarity bounds.
√ s → ∞ limit
A simple preliminary study can be performed by computing the scattering amplitudes for s → ∞. In this case, the s, t and u-channels vanish and the contributions to the amplitude entirely come from four-point interactions. The parameters that are constrained by unitarity in this limit are therefore the dimensionless couplings λ and κ. A similar procedure has been performed in the SM by [11, 12] and has allowed to set an upper bound on the Higgs quartic coupling, and therefore on the SM Higgs mass.
Since the s → ∞ amplitudes do not involve propagators, we can work in the interaction eigenbasis. We therefore consider the following 15 CP-even scalar pairs.
The strongest constraints will come from the 11 × 11 upper block of this CP-even matrix. This block is shown in Appendix B.
We could further consider h i h j → χχ or a i a j → χχ, where χ is dark matter or other fermionic particle. However, the dominant contribution to these scatterings occurs for J = 1 partial waves. Since our study focuses on S-wave scattering, we do not take fermion scattering into account in our study.
The eigenvalues of the s-wave scattering matrix T 0 have to be computed numerically. Fig. 3 shows isocontours of the largest eigenvalue of T 0 in function of λ and κ.
For the values of a max that we use, the bounds on these dimensionless couplings are λ, κ < ∼ 3 for a max = 41% (49) λ, κ < ∼ 2 for a max = 20% (50)
FIG. 4: Feynman diagrams contributing to the scalar scattering matrix

2.
√ s finite
To put unitarity constraints on the trilinear couplings A λ and A κ , we need to evaluate the partial wave scattering amplitudes for finite √ s. For a process of the form φ i1 φ i2 → φ f 1 φ f 2 , the different types of diagrams contributing to the scattering amplitudes are shown in Fig. 4 . Recall that the general form of the total amplitude for two-to-two scattering processes is
The s, t and u-channel contributions to the amplitude are then expected to constrain ratios of scales such as A Here, we use the following 15 CP-even pairs of scalar mass eigenstates
, w
Here, the w ± and z particles are the Goldstone bosons associated to the longitudinal components of the W ± and Z bosons. 
We found that computing unitarity constraints at
constrains the parameter space as well as actually maximizing T 0 ii over s. The optimal √ s is them of the same order as the heaviest scalar mass of the model. In Sec. II, we showed that, in the heavy limit, the NMSSM scalar Higgs masses are combinations of the scales µ, √ A λ µ and √ A κ µ. By constraining the ratios A Perturbativ unitarity constraints allow us to set upper bounds on the dimensionless couplings λ and κ, but also on the ratios A λ /µ and A κ /µ. Setting an upper bound on µ would then bound all the scales in the theory. Since µ appears only in the particle mass terms, an additional constraint other than unitarity is required to fully anchor the mass spectrum of the NMSSM Higgs sector.
V. CONSTRAINTS ON THERMAL DARK MATTER
In order to set an upper bound on the mass scales A λ , A κ and µ, our perturbative unitarity constraints need to be supplemented by an additional requirement. We require the NMSSM Higgs sector to have thermal Dark Matter candidate, which is in general a mixed Higgsino/singlino state. In the following, we require DM relic density to be smaller than or equal to the current measured value, equation (1) .
It is possible that the observed dark matter in the universe is multi-component and is composed of, e.g., non-thermal axions. Multiple contributions to the DM relic abundance means the NMSSM neutralinos must annihilate more efficiently so the total relic abundance matches equation (1) . This larger annihilation cross section means larger couplings, if all of the other parameters in the cross section are the same.
Thus, our perturbative unitarity bounds would be violated at lower scales than the ones presented in this paper. See [7] as an example of this for a non-supersymmetric Higgs portal.
A. Unitarity and Relic Abundance
In order to reach a low relic density, DM needs to efficiently annihilate to SM particles. The annihilation channels in the MSSM are shown in Fig. 6 . There involve only SM weak couplings. The higher the DM mass is, however, the more it needs to annihilate in order to have a low enough relic density. Since the couplings of the diagrams in Fig. 6 are fixed in the MSSM, there is an upper bound on how heavy the DM can be. This upper bound is around 1.1 TeV for MSSM Higgsinos [18] .
In the NMSSM, however, additional annihilation channels, shown in Fig. 7 , open for Higgsino/singlino DM. The couplings associated to these channels are proportional to λ and κ. These couplings are not fixed and can therefore be large enough to allow multi-TeV DM particles to have the correct relic density. Since dimensionless couplings have to remain perturbative, a general model-independent upper bound on the DM mass can still be set by requiring all couplings to be less then 4π. This bound, computed in [5] , is of about 120 TeV. In our study, however, the unitarity criteria detailed in Sec. IV set much tighter bounds on λ and κ. Using these bounds would then allow to significantly improve the bound on the DM mass set in [5] .
As shown in Sec. II, the DM mass in the heavy limit is O(µ). Setting a bound on the DM mass using relic density would then amount to set an upper bound on 24 µ. Using the unitarity constraints from Sec. IV would then allow to fully anchor the mass spectrum in our model. 
B. Possible loopholes
Combining unitarity and relic density constraints allows to set upper bounds on the A λκ and µ scales for most of the parameter configurations. In some regions of the parameter space, however, the DM annihilation rate is strongly enhanced even when the λ and κ couplings are small. In these regions, the bounds set by unitarity and relic density will be considerably loosened. These regions are, however, narrow and well-defined parts of the parameter space, resulting from a significant fine-tuning of the NMSSM parameters.
a. s-channel resonances If the DM mass is half the mass of one of the neutral Higgses, the annihilation cross section will receive large contributions from s-channel resonant diagrams. To quantify how close one is to the s-channel resonant regions, one can use the fine-tuning parameter R i , defined as
R is positive and goes to zero in the Higgs funnel regions. Our bounds will not apply in parameter regions with small value of R.
b. t-channel resonances In both the NMSSM and the MSSM, DM can annihilate in the t-channel to two W bosons with an intermediate chargino. For
resonant annihilation occurs. In our model, the neutralino mass is either smaller than or equal to the chargino mass and so such t-channel resonant annihilations never take place.
c. Sommerfeld enhancement In certain cases, the annihilating DM particles form bound states before annihilating. Such bound states are formed through ladder diagrams like the one shown in Fig. 8 . This non-perturbative process can significantly enhance the DM annihilation cross section and relax the bounds set by relic density.
In the MSSM for example, it increases the upper bound on the wino mass by a factor of two [18] . The magnitude of the Sommerfeld enhancement factor depends on the 26 sizes of the following parameters
where v is the DM velocity, α is the fine-structure constant of the interaction at play in the ladder diagram and m φ is the mass of the mediating particles -the W bosons in Fig. 8 . δ is the mass splitting between DM and the intermediate particle 
C. Direct Detection
In the MSSM, there is no tree-level contribution to the spin-independent direct detection (DD) cross section for Higgsino Dark Matter. In the NMSSM, however, Higgsino/Singlino states can scatter against up and down quarks through the diagrams shown in Fig. 9 , which give a non-zero spin-independent DD cross section. 
VI. RESULTS
We scan uniformly over the five-dimensional NMSSM parameter space using the following scan bounds |λ|, |κ| ≤ 4, and |µ|, |A λ | < 40 TeV.
A κ is fixed by requiring one of the Higgs mass eigenstates to be at 125 GeV. We then select points of the parameter space using the following requirements
• No tachyonic masses
• Stable EWSB vacuum
• Unitary scattering amplitudes
• Relic density lower than the current measured value
• Direct detection cross section lower than the current LUX bounds [19] .
The unitarity bounds are computed for both a max = 41% and a max = 20%. The tree-level scattering amplitudes are evaluated at √ s = √ 5 m Heaviest . Relic densities and spin-independent direct detection cross sections are computed using MicrOmegas [20] . The maximal value of the relic density is taken to be the value measured by regions is now of about 7 TeV, so tighter than with the a max = 41% unitarity criterium.
With the new, tighter, unitarity criterium, the upper bound on the heaviest Higgs mass gets much stronger and is now of about 10 TeV.
This significant drop in the Higgs mass bound can be understood by noticing that the typical A λ /µ ratios shown in Fig. 19 are much smaller than with a max = 41%. 
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VII. CONCLUSION
We have seen that vacuum stability together with perturbative unitarity and relic abundance considerations put powerful constraints on the scale of new physics in the NMSSM for the majority of the parameter space. The points that are unconstrained by these considerations are finely tuned in the sense that there is a resonance decay mechanism or large Sommerfeld enhancement facilitated by small mass splitting between the LSP and the charginos.
Outside of the finely tuned regions, next generation collider, direct and indirect detection experiments will be able to eliminate most of the parameter space leading us to very special finely tuned parameter points within the NMSSM.
t and u-channel poles
The partial wave components of the scattering matrix are obtained by integrating over the scattering angle θ. Regions where a t or u-channel pole is reached for at least one θ should then be treated with care. In particular, for a two-to-two scattering process of the form 1 + 2 → 3 + 4, t and u-channel poles are encountered in the following configurations Initial and final states that verify either of these conditions are called critical states.
Critical states are states that are involved in at least one scattering process with a t or u-channel pole. Scattering processes involving a critical state should then not be taken into account when diagonalizing the scattering matrix. In this study, we follow the partial diagonalization procedure followed in [17] that is outlined in more details below * .
For two-to-two scattering processes, we divide the set of all possible 2-particle states into critical states K and not-critical states N K using the conditions shown in (2) . For an given initial state i and a final state j, both non-critical, (42) becomes
(A5) * The rest of the section is taken directly from [17] . Since the thesis outlining this procedure in detail is in German, we considered it would be useful to transcribe this part here.
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The non-critical block of the scattering matrix T J -T N K×N K -can be safely diagonalized through a unitary matrix U . We then get,
Denoting T N K×N K byT ,
We then obtain a modified version of (43) ReT ii
with a small correction R such that
tial diagonalization then makes the radius of the Argand circle shrink from 1/2 to 1/4 − R 2 . One can retrieve the original Argand circle by defining
The procedure and identities shown in the previous sections remain unchanged ifx andỹ are used instead of ReT ii and ImT ii .
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Appendix B: √ s → ∞ S-wave unitarity matrix 
